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Abstract: In this work, we solve the distributed formation control problem for heterogeneous
spatial underactuated vehicles subject to switching topologies. We consider the spatial rigid body
model of vehicles with one translational actuator for propulsion and three rotational actuators. A
finite-time sliding mode observer is designed to estimate the ranges between vehicles based on the
bearing measurements. A generalized Slotine-Li transformation is proposed to define continuous
reference velocity trajectories under switching topologies. Based on the cascade structure, a
distributed formation protocol is presented which guarantees the global asymptotic convergence
for the closed-loop system. Numerical simulations on a group of spatial underactuated vehicles
including quadcopters and underwater vehicles are presented.
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1. INTRODUCTION

The cooperative control problem for multiple vehicles has
received great attention in the past two decades. The
advantages of multi-vehicle systems over single vehicles
include higher efficiency, robustness, and flexibility (Ren
and Beard, 2008). Numerous cooperative control strategies
have been proposed in the literature for autonomous
vehicles modeled by single-integrator dynamics (Olfati-
Saber and Murray, 2004; Ren and Beard, 2008), double-
integrator dynamics (Ren, 2008), and fully-actuated Euler-
Lagrangian (EL) systems (Mei et al., 2011).

Most of the vehicles in practice are underactuated. That
is, the vehicle has fewer number of independent actuators
than its degrees of freedom (DOF). The approaches de-
veloped for integrator dynamics and for fully-actuated EL
systems cannot be directly applied to underactuated vehi-
cle networks. Furthermore, a multi-vehicle system usually
contains different types of vehicles. It is more practical if
a group of vehicles can cooperate with each other regard-
less of the structures of their dynamic models. However,
there has not been much effort to develop cooperative
control approaches that can be applied to heterogeneous
underactuated multi-agent systems in the literature. More-
over, an important theme in multi-agent control systems
is decentralization, namely, distributed algorithms, where
each agent senses the relative configuration variables of
its neighbors with respect to its local coordinate system
(Oh et al., 2015). For distributed controllers, cameras
and inertial measurement units (IMUs) are usually the
preferred onboard sensors compared to LiDARs due to
lower weight and cost. These sensors can measure bearing
angles, postures, velocities and accelerations. Hence, the
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ranges or relative positions need to be estimated. Another
requirement for distributed cooperative control of multi-
agent systems is communication (Ren and Beard, 2008).
Switching communication topologies and communication
delays are common in a communication network, and thus,
they should be considered when designing a controller.

In Zhang et al. (2021), the formation—containment con-
trol problem was considered for heterogeneous underac-
tuated autonomous underwater vehicles (AUVs) in three-
dimensional space based on a simplified 5-DOF model. In
Mu et al. (2017); Mu and Shi (2018), an integral sliding
mode control law and a linear quadratic regulation (LQR)
consensus protocol were proposed for heterogeneous multi-
vehicle systems consisting of quadrotors and wheeled mo-
bile robots based on the linearized models. Recently, in
Wang and Ahn (2021), a coordinated trajectory track-
ing controller was proposed for the marine aerial-surface
heterogeneous system composed by a quadrotor and a
(fully-actuated) surface vehicle based on cascaded system
theory and Lyapunov analysis. Nevertheless, in the above
mentioned works, the vehicle models in the heterogeneous
networks are either simplified, linearized, or partially as-
sumed to be fully-actuated.

In this work, we solve the distributed formation control
problem for a class of heterogeneous spatial underactuated
vehicle networks with directed communication graphs.
We consider generic spatial vehicle model with two de-
grees of underactuation, which includes underwater and
aerial vehicles with one translational actuator and three
rotational actuators. Based on the cascaded structure,
the formation controller guarantees the global asymptotic
convergence for the closed-loop system. We prove that
switching topologies do not matter if the communication
graphs contains a directed spanning tree. The proposed
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control protocol requires the bearing angle information
of the neighbor vehicles, instead of requiring the relative
positions. Using the distributed sliding mode observers,
the ranges between the vehicle and its neighbors are esti-
mated in finite time. The proposed distributed control law
requires only neighbor-to-neighbor information exchange,
and all the measurements are based on onboard sensors.

Notations. Let R>y be the set of all non-negative real
numbers; Z=o the set of all non-negative integers; I,, €
R™*"™ the identity matrix; S the n-sphere, i.e., S* = {x €
R |z = 1}; s the differential operator, i.e., s = L[].
We use the abbreviation sy = sin(-), ¢(.y = cos(:), and
t(y = tan(). Given a = [a1,a2,a3]" € R3, we define the

operator (+)x as
0 —asz a2
Ax = as 0 —ap].
—Q2 a1 0
2. PRELIMINARIES AND PROBLEM STATEMENT
2.1 Model of spatial underactuated vehicles

Consider a network of N heterogeneous spatial underactu-
ated vehicles, where the agents are numberedi=1,..., N
with 1 representing the group leader and 2,...,N rep-
resenting the followers. Each vehicle is modeled as a 6-
DOF rigid body moving in three-dimensional Euclidean
space. Let {Z} denote an earth-fixed inertial frame, and
{Bi} the body-fixed frame attached to vehicle i, where the
origin is located at the center of mass of the vehicle, as
shown in Fig. 1. The position of vehicle i in the earth-
fixed frame {Z} is represented by & = [i, i, 2i] ', and the
attitude is represented by the Euler angles n; = [, 05, 1] T
of {B;} relative to {Z}, where ¢, 6;,1; represent the roll,
pitch, and yaw angles, respectively. Let v; = [vai, yi, V2] |
and w; = [wmi,wyi,wzi]T denote the linear and angular
velocities of vehicle i in its body-fixed frame, respectively.
The kinematics of vehicle i is described by

HER e m

where R(-) is the rotation matrix given by
COCyy S$SOCY — CpSep ChpSeCy + S¢Sy
R(’I]) = [C@Sw SpS9Sqy + CpCoh CpSHSeyy — S¢Cw] 5
—Sp SpCh CpCoh
and the matrix T'(+) is given by

1 s4te coto

0 cy —s

T(W): 0 Sf; C¢¢
Co Co

Note that the matrix T(n) becomes singular when 6 =
+7/2, and thus, we restrict the use of Euler angles to
|oi| < /2 and |6;] < 7/2 to avoid aggressive maneuvers
and singularity (Fetzer et al., 2021).

We consider the spatial vehicle model with two degrees
of underactuation. More precisely, we assume that each
vehicle has only one control thrust (force) and three
control torques. The dynamic EL model of vehicle i can
be written as
mivl; + wi X (mivi) + Dyiv; = Fy + R(?]i)TGi,
Liw; + w; X (Iiwi) + D iwi = Ti,

(2)

{B;}

Fig. 1. Nllustration of the leader-follower formation of het-
erogeneous spatial underactuated vehicle networks.

where m; is the total mass of the vehicle; I; € R3*3 is
the diagonal inertia matrix; Dy;, Do; € R3*3 are constant,
positive semi-definite damping matrices; Fj is the control
thrust force; Gy = [0,0,G.;]" is the total force of gravity
and the buoyancy (if exists); i3 = [T¢i,Tgi,T¢i]T is the
control torque. Due to the underactuation, the vehicle
model only has one control thrust, and without any loss
of generality, we assume that the control thrust is in
the direction of one of the three body-fixed axes, i.e.,
ﬂ = [Fxhov 0]T7 E = [Oa Fyia 0]T7 or Fi = [Oa O7in]T-
It should be noted that the full nonlinear vehicle model
(1)-(2) can represent a wide class of spatial underactuated
vehicles including AUVs (F} = [Fy,0,0] ") and quadrotors
(Fy = 10,0, F;]") (Fetzer et al., 2021).

Taking time derivative of (1), substituting (2), and using

the properties that R(n;) T = R(n;)~?, R(ni) = R(mi)(wi)x
and (wj)xvi = wj X v;, we obtain the equations of motion
in the earth-fixed frame:

& = Romyus + -~ Das(n)é Q

i = Ti, (4)
where Dei(ni) = (1/mi)R(mi)DoiR(m:) 5 wi = Fy/m; and
T = T(ni)wi — T(?]l)_[l_l [wi X (Iio.)i) + D iwi — Ti] are the
new control inputs. Note that u; = [uz,0,0] 7, [0, uys, 0],
or [0,0,u.;]" according to the specific configuration of the
thrust actuator, where u.); = F(,)i/mi.

2.2 Notions from graph theory

The information exchange among the N vehicles is mod-
eled as a directed graph G(t) = (V,&(t),.A(t)), where
V ={1,...,N} is the vertex set; £(t) €V x V is the edge
set; and A(t) € RN*V is the weighted adjacency matrix.
The set of neighboring nodes is denoted by N;(t) = {j €
V: (i,j) € &}, where (i,]) represents that node i obtains
information from node j via communication. The weighted
adjacency matrix A(t) = [a5(t)] is defined as a3;(t) > 0
if j € Ni(t) and a;3(t) = 0 otherwise. We assume that the
graph G(t) has no self-loop or loop for each ¢ = 0.
Assumption 1. (i) A(t) is is piecewise continuous for all
t > 0; (i) each nonzero entry a;;(t) is bounded, i.e., there
exist positive constants a,a such that a < as5(t) < a; (iit)
Let tg = 0 and let ty,to, ... be the switching times for A(t).
The directed switching graph G(t) has a directed spanning
tree across each interval [t;, ti11), Vi € Zxo.
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2.8 Problem statement

The objective of formation control is to design a dis-
tributed controller for each follower agent such that it
coordinates its motion relative to its neighbors, and the
network asymptotically converges to a predefined geomet-
ric pattern. The desired geometric pattern of the vehicle
network in terms of spatial positions is defined by a set of
constant position offset vectors {dj = [df}, d}}, clizj]—r eR3:
i,j € V,i # j}. To be more specific, under Assumption 1,
we will design a controller for each follower (3)-(4) without
global position measurements or relative range measure-
ments such that: (i) the state trajectories of the closed-
loop system are bounded for all ¢t > 0; (ii) all the vehicles
in the network can maintain a prescribed formation in the
sense that for allie V),

Jdim > (&) — &) — dyg| = 0. (5)

jGN;(t)
Lemma 1 (Ren and Beard (2008)). Consider the single-
integrator dynamics x; = uy, where x; e R", i=1,...,N

with the network communication graph satisfying Assump-
tion 1. Then, under the control law

1 .
w=gg 2 wbl-—al-a)l,  (©
T jeni(t)
where Zi(t) = Xjcn; ) @ij(t), and a > 0 is a constant, the
consensus tracking problem is solved.

Lemma 2 (Sastry and Bodson (1989)). For continuous
differentiable signals z,y : R>g — R, the following holds

for any a > 0
« 1 e
s—&-a[x]_s—&-a[ys—i—a[x]]'

3. RANGE OBSERVER DESIGN

S+a[xy]=y

In this section, we present a distributed finite-time sliding
mode observer for range estimation among spatial vehicles.

Consider a pair of agents (i,j), where agent j is the leader
and agent i is the follower. In the body-fixed frame {B;},
the relative position vector of agent j is denoted by

Gy = R(m)" (& — &)- (7)
We assume that the measurable signal is the bearing angle
of vehicle j in the body-fixed frame {B;}. That is, we
measure the projection of (j; on the unit sphere centered
at the origin of {B;}, i.e.,

Gij 2
o35 = e S°. (8)
V1G]
The bearing angle oj; is well defined for all |(;| # 0.
The problem is to estimate the range rj; = |[(j;| based

on the bearing angle oyj, the attitude, and the velocity
measurements.

To start with, we write the error dynamics in the body-
fixed frame {B;}. Note that

N — — .
|GiI” = 2151 1G] = G5 Gy = 265 Gy = 2migy,
and 75 = agéij. Taking time derivative of (7), and
substituting (1), we obtain
isj = o5y [R(m) " R(my)vs — vi] = ogjws;, 9)

where wi; = R(m) " R(n;)v; — vi, and we used the fact
that the matrix (wj)x is skew-symmetric. Taking time
derivative of (8), we have

d’ij = —(wi)xaij + 7 (Ig — O'ijO'i—jr) Wij- (10)
ij

Multiply r;; and apply the stable filter a/(s+a) with o > 0
to both sides of (10) yields

« . (07
[rijo3] =

[—rij(wi) <o + (Is — oyjo5y) w] -
(11)
Applying Lemma 2, the left-hand side of (11) becomes
OéGQ[Tijé'ij] = Ti_le [Uij] — GQ [U;]:wile [Uij]] . (12)

where G1(s) = as/(s+ «) and Ga(s) = 1/(s + «). Sub-
stituting (12) into (11) and applying Lemma 2 again, we
obtain

Tij(I)ij = G2 [ngijCIDij] + OLGQ [(Ig — Jijag)wij] R

S+« S+

(13)

where ®;; = Gi[oy] + aGa [(wi)xoy;] is a continuous
measurable signal.

Proposition 1. Consider the dynamics (9)-(10) with
input wyj. The sliding mode observer

i = o wiy — ysign { @ (®yyiyy — Ga [0 wy; By
70402 [(I3 - aijai})wij])} (14)
Gij = o (15)
with v > 0 provides a globally finite-time convergent
estimate to the relative position error (ij, i.e., there exists
T, > 0 such that (5(t) = Gj(t) for allt = T, if the signal
<I>i—; is persistently exciting (PE), i.e., there exist u, T > 0
such that

t+T
| e e =0 =0 (16)
t

Proof. Define the estimation error 7j; = 7j; — rij. Substi-
tuting (13) into (14), the observation error dynamics are
given by
i = —ysign (@g@ij) sign (7). (17)

Consider the Lyapunov candidate V (7;) = ||, where its
derivative is calculated as

. . T ~

V= { — sign (<I>ij<I>ij) o T #0 (18)

0 , Ty = 0.
For each 745(0) # 0, we have, along trajectories, V (74(t)) =
—, if @5 (t)TCI)ij (t) > 0, and V(745(t)) = 0, if §j; (t)T(I)ij (t) =
0. Due to the PE condition (16) and the continuity of
®;;(t), for each time interval [t,t + T], the measure of the
set {s € [t,t+T]: ®35(s) " ®s35(s) = p/T} must be (strictly)
larger than zero. Define [, ;) as the measure of the set
{s € [a,b] : ®y;(s) " Ps5(s) > 0}. We have, for all ¢ > 0,
ltt,e+1) = meas{s € [t,t + T : ®55(s) T @s5(s) > 0}
> meas{s € [t,t + T| : ®s5(s) " ®y5(s) = p/T} > 0.

Integrating both sides of (18) along trajectories yields
V(r5(t) = V(755(0)) — Ylo,qt. Therefore, for each
735(0) # 0, there exists T, = V(73;(0))/(7{[0,+) such that
V(7;(T7)) = 0, which proves the global and finite-time
convergence. O
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4. FORMATION CONTROL DEVELOPMENT

Considering the formation objective (5), in addition to
control the three position variables, one attitude variable
also can be independently controlled. The other two at-
titude variables must be determined from the constraints
imposed due to underactuation. The vehicle model (3)-(4)
has three possible structural heterogeneities, which corre-
spond to the three possible configurations of the thrust
actuator. Introducing a virtual input v; = [Vgi, Vy;, vl €
R3, we have

&G = vi + gi(m, ui, &, 1), (19)
where (i, ui, &, vi) = R(ni)ui + Gi/mi — Dei(mi)& — v
The desired attitude signal niq(t) = [p1a(t), 01a(t), Via(t)] "
and u;(t) are selected such that g;(mia(t), ui(t), &, vi) = 0,
for all ¢t > 0. Specifically, denoting i = [fiai, fyi, fi] | =
Dei(m:)& + v — Gi/my, the desired trajectories n;q(t) and
the thrust wu;(t) are selected such that R(niq(t))ui(t) =
1;(t). For the three cases, we propose the attitude resolu-
tion as follows:

Case 1. (uj = [ugi,0,0]T; ¢ is independently controlled.)
Given ¢iq(t) = ¢;(t) and v;(t), the thrust and desired
attitude signals are selected as

Ugi = 4/ Hii + :“zi + /u‘zia (20)

0;q = arcsin (fu;iluzi) , (21)
1iq = arctan (u;ilyyi) . (22)
Case 2. (u; = [0, uy;,0]7; 6; is independently controlled. )

Given 64(t) = 6;i(t) and v;(¢), the thrust and desired
attitude signals are selected as

Uy = () 125 + Hig + 125 (23)
¢iq = arcsin [uziu;il sec(@id)] , (24)
YPiq = arccos [y (i Sin(¢iq) sin(fiq)

+hyi cos(dia)) (2 + ) "] (25)

Case 3. (u; = [0,0,u.;]"; v is independently controlled.)
Given ¥iq(t) = v;(t) and v4(t), the thrust and desired
attitude signals are selected as

Uzi = 4/ /Lii + Nii + uﬁi, (26)

d’id = arcsin [uz_ll (,uxi sin(¢id) — Hyi COS(¢id))] s
0iq = arctan [u;il (121 cos(viq) + pyi sin(ia))] -

In Slotine and Li (1987), an adaptive scheme was pro-
posed for trajectory tracking control of fully-actuated La-
grangian systems with unknown parameters. The main
idea of the Slotine-Li controller is to introduce a virtual
“reference velocity”, and then, a PD feedback is employed
to steer the velocity variable to the “reference velocity”.
The Slotine-Li controller can be used to solve the con-
sensus tracking problem for multi-agent systems. Consider
N double-integrator systems, i.e., ¥; = u; with x; € R",
i=1,...,N. Define the reference velocity z;, the sliding
variable s;, and the control input u; as

1

Zi=——
2jen: Wi ER,

asj [#5 — (1 — 23)],

. (29)
Si = Tj — Zi,

ui = % — kisi,

where k; > 0 is a constant control gain. The closed-loop
dynamics on the sliding manifold {s; = 0} are given by

: zj)] .

S
2jen: Wi ER,

agj [ — (2 = (30)
It follows from Lemma 1 that the consensus tracking
problem is solved if the communication topology contains

a directed spanning tree.

The algorithm (29) has a fatal flaw when the topology
is dynamically changing. For instance, under switching
topologies, a;j(t) and the reference velocity z;(t) are no
longer continuous. Thus, the control law u; = z; — kjsj can-
not be implemented because it involves the time derivative
of a discontinuous term. To solve this problem, instead of
defining the reference velocity z;(t) as in (29), we define
zi(t) by integration. Consider the following algorithm

LS a0 [ — (o + 1) — ) — afes — )]

i) JENI(®)

4=

(1

(31)
with s; and wu; defined in (29), and « > 0. It should be
pointed that the reference velocity z;(t) is differentiable
due to the integration action, and thus, the control law

u; = z; — kisy is well defined. Consider the closed-loop
dynamics on the manifold {$; = 0}, which are given by
. 1 .
Xi= = >, a(t) [ — 06— )] (32)
=) JEN;

where x; = Z; + ax;. It follows from Lemma 1 that x;(t) —
X;(t) — 0 as t — +o0, for all i,j € V. Therefore, we have

Vi,jeV, (33)
where ¢; — 0, proving xj—x; — 0 ast — 0. It is clear that,
if the communication topology is fixed, i.e., a;;(t) = aj; for
alli,j € V, then the control law (31) reduces to the Slotine-
Li controller (29) when a = 0.

(i‘i — i‘j) = —Oz(l‘i — l‘j) + €,

This idea can be generalized to the m-th order integrator-
chain model. The generalized Slotine-Li controller is given
by

zi(m%) = :L(t) Z aij(t) [m}m) —(1+ am—1) Ai(;%l)
T jeNi(t)
— (@m—1 + am—2) Ai(jm*Q) — = (g + Oél)Aij - a1Aij]
Si = Tj — 2i,
uj = zi(m_l) — kiisy — o — k(m—l)isi(m_Q)v (34)
where Aj; = x; — wxj; the parameters og,...,0um—1

and ki, ..., k@m—1); are chosen such that the matrix

Alag,...,m—1) and A (k;li, ce k(m,l)i) are Hurwitz, re-
spectively. The matrix A(-) is defined as
o 1 0 -- 0
0 0 1 - 0
Ak, k) = | &
o o o .- 1
—ki —ko —k3 -+ —km1
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Theorem 1. Consider the m-th order integrator-chain
model xi(m) = wuj, where x;y € R", i = 1,...,N, and
m,n,N € Zsq. Then, under the generalized Slotine-Li
controller (34), the consensus tracking problem is solved
provided that Assumption 1 holds.

Proof. Noting that the reference velocity z;(¢) is differen-
tiable up to (m — 1)-th order, we have

si(m—l) _ x(m,) . Zi(m—l) (35)
Substituting xf m _ = wu; into (35) yields sfm D - —k1i8; —
.= k(m,l)isi( 2 The condition A (k:h,..., (m— 1)i)

being Hurwitz implies that <5i,éi,... s{m=1

et

) = 0
exponentially as t — +400. On the other hand, substi-
tuting z(m D i(mfl) +

a(m_l)x§ 2) +- -+ aoTj+aixi, we recover the first-order

consensus algorithm

1 .
=00 D a(t)[45— (@ — g)] +
Y jeNi(t)
which can be viewed as an exponentially stable lin-
ear system (with respect to the equilibrium manifold
{(z1,...,2n) : 1 = x;,Vi,j € V}) with an exponentially

decaying input s(m 1)( t). It follows from Lemma 1 and
the converglng—lnput converging-state (CICS) property for
stable linear systems that the exponential consensus is
achieved for variable ¢;. That is, |gi(t) — ¢;(t)] — 0 ex-
ponentially as ¢ — 400, for all i,j € V. Finally, it follows
from the condition A(aj,...,qn,—1) being Hurwitz that
|i(t) —2;(t)| — O exponentially as ¢t — +oo, for alli,j e V,
where the consensus tracking problem is solved. O

into (35), and denoting ¢; = =z

sV ()

(ji = ) (36)

1

We apply the proposed design to the formation control
problem for heterogeneous spatial underactuated vehicle
networks.

Position control design. We propose the following
observer-based generalized Slotine-Li control law for 4

b= 3 a0l — (o1 + 1)(E — &).
=il )jeM(t)
+ ar(R(m:) G + )],

s11 =& — 31is

(37)

where «aq, k13 > 0 are the control gains; C}j (t) is the output
of the sliding mode observer (14)-(15).

Attitude control design. It is clear that the attitude
dynamics (4) are decoupled and controlled by three in-
dependent control inputs, i.e., 73 = [7~'¢i,7~'9i,7~'zpi]—r~ For
the three cases discussed in Section 4.1, we apply the
generalized Slotine-Li control law to the independently
controlled attitude variable. Specifically, for Case 1, we
propose

. 1 .
WO > at)[ds —

Vi = 31i — k1iS1i,

(az + 1) (i — ¢5)

JeNi(t)
— aa(s — ¢5)],
S2f = éi — 32i,
Toi = 321 — Koisais (38)

where «g,ke; > 0 are the control gains. Then, the
thrust w;(t) and the other two desired attitude signals
(014(t),v1a(t)) are given by (20)-(22). We choose the slid-
ing mode control for double-integrator (6;, 1;)-subsystems
because of its simplicity and robustness:

Foi = —M0; — kaisign(sai), sz = 0 + M6, (39)
Fpi = —Xothi — kaisign(sai),  sai = Ui + Ao, (40)
where 0; = 0; — Oig; i = i — ¥ig; and A > 0,

Ao > 0, ki > sup{|6ia(t)|}, and kg > sup{|via(t)]}
are control gains. For Case 2 and Case 3, replace the
independently controlled attitude variable ¢ in (38) by 6
and 1, respectively; generate thrust and desired attitude
signals using (23)-(25) and (26)-(28), respectively; and
replace (6,) in (39)-(40) by (¢, ) and (¢, ), respectively.

Theorem 2. Consider the vehicle dynamics (19), (4).
Suppose that Assumption 1 holds. Then, the controller
(87)-(40), together with the finite-time sliding mode 0b-
server (14)-(15), solves the formation tracking problem.

Proof. The vehicle dynamics (19), (4) is in the cascaded
structure. First, for the n;-subsystem, substituting (39)-
(40) into (4), yields sgi(t) — 0 and s43(t) — 0 in finite
time. On the sliding manifolds {s3 = 0} and {sy4 = 0},
we have 9i(t) - Gid(t) — 0 and wi(t) — wid(t) — 0
exponentially as ¢ — +4o00. We conclude that |n;(t) —
Md(t)] — 0 exponentially, and thus, the interconnection
term g;(n(t), ui(t), &(t),14(t)) — 0 as ¢ — +00. The
same conclusion can be easily obtained for Case 2 and
Case 3. Also note that the controller (38) is exact the
generalized Slotine-Li controller (31). We conclude that
@i(t) — ¢(t) = 0 as t — +o0.

Then, it follows from Proposition 1 that, after a fi-

mite time 7o, Gy(t) = Gy(t) = R(m)'(§ — &). Substi-
tute into (37), which recovers the generalized Slotine-Li

controller structure (31) agam Note that $;; = 51

31 = —khsh—l—gl(nl( ), ui(t), 51( ), v4(t)), and the last term
gi(m(t),us(t), & (1), v5(t)) — 0 as t — +oo. The CICS
property of linear systems implies that s1;(¢) — 0. Finally,
it follows from the proof of Theorem 1 that the control
objective (5) is achieved, which completes the proof. [

5. NUMERICAL SIMULATION

In this section, we apply the proposed formation control
strategy to a heterogeneous spatial underactuated vehicle
network including one AUV and four quadrotor unmanned
aerial vehicles (UAVs). We number the four quadrotors
from 1 to 4, and the AUV 5. Assume that the desired
formation shape of the group of quadrotors is a horizontal
square. Length of the square sides is 5 m. The desired XY
position of the AUV 5 is the center of the square in the

) G G G

Fig. 2. Directed switching topologies.
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Fig. 4. The configuration errors of the five vehicles.

formation, and the vertical position is 15 m lower than
the horizontal square. In the simulation, the group leader
is commanded to follow a circle of radius 1 m centered at
(0,0,10) and at a constant speed of 1 rad/s. The desired
yaw angle for the leader vehicle is 1 rad. The quadrotor
parameters are selected as: m; = 1 kg, D,; = diag{0,0,0}
for i = 1,...,4. The AUV parameters are selected as:
ms = 11.85 kg, D,5 = diag{0.85,3.11,0.24}. The buoy-
ancy force of the AUV is 114.2 N. All vehicles start
from rest and the initial Euler angles are 0. The directed
communication graph G(t) switches every 5 seconds from
G(1) to G4y, as shown in Fig. 2. The components of the
adjacency matrix are a;;(t) = 1 if (j,i) € £(t). We select
a = 5 and v = 5. The control gains for the four quadrotors
are selected as: ki3 = koy = 3, k3; = kg = 20, a1 = 2,
as = 3, \; = Ao = 3. The control gains for the AUV are
selected as: k15 = 2, k25 = 1, k35 = k45 = 25, o] = Qg = 1,
A1 =X =5.

Simulation results are illustrated in Figs. 3-5. Figure 3
shows the paths of all five vehicles with the formation
illustrated at ¢ = 20 s. Figure 4 shows the configuration
errors of the five vehicles in the formation. Figure 5 shows
the Euler angles of the five vehicles in the formation. The
yaw angles of all four quadrotors are in consensus and
converge to 1 rad. The roll angle of the AUV converges to
the desired trajectory assigned by the quadrotors, while
its yaw angle linearly increases as time tends to infinity.

6. CONCLUSIONS

The formation control problem for a team of heteroge-
neous spatial underactuated vehicles subject to switching
topologies has been addressed. A distributed sliding mode
observer is used to estimate ranges between vehicles in

¢ [rad]

0 [rad]
{
0 [rad]

(a) (b)

Fig. 5. Euler angles of the five vehicles in the formation.

finite time. Then, the generalized Slotine-Li controller is
presented to deal with switching topologies. Global asymp-
totic convergence is proved for the closed-loop system
based on cascaded structure of the vehicle systems.
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