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Robust tracking for nanopositioning stages
using sliding mode control with active
disturbance rejection: Design and
implementation

Guangwei Wang1, Bo Wang2, Jin Zhao1, and Meng Tao1

Abstract
This paper presents the design and implementation of a novel sliding mode control integrated with active disturbance rejection

(SMCDR) for precise robust trajectory tracking of piezoelectric nanopositioning stages. The model uncertainties, nonlinearity,

and external disturbances of the piezoelectric nanopositioning stage are regarded as a lumped disturbance, which is estimated by

an extended state observer. The active disturbance rejection control (ADRC) strategy is used to realize a preliminary trajectory

tracking, while the sliding mode control is adopted to handle the estimation error and residual uncertainties, and to improve the

tracking performance. The exponential stability of the proposed SMCDR is proved using Lyapunov’s direct method. The

proposed SMCDR controller combines the strength of both ADRC and sliding mode control, exhibits a simple structure,

requires only the positionmeasurements, and does not require any information of model parameters except for an approximate

constant gain. Experimental results reveal the robustness of the SMCDR approach in suppressing the hysteresis of piezoelectric

actuator, and illustrate the superior performance over conventional ADRC, integral sliding mode controller (ISMC) and PID

controller for trajectory tracking control of piezoelectric nanopositioning stages.
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Introduction

Piezoelectric nanopositioning stages have been intensively
utilized in precision engineering applications, such as
scanning electron microscopes, biological manipulations,
and surgical devices (Lau et al. 2019; Wang and Xu 2017;
Xie et al. 2019). Such applications are enabled by the
outstanding attributes of piezo-driven motion stages such as
fine resolution, quick response, large energy density, and
high operation bandwidth, etc. (Ling et al. 2021). However,
piezoelectric actuators (PEAs) exhibit intrinsic nonlinear
characteristics in the voltage-driven motion, which is
mainly caused by the hysteresis effects of the ferroelectric
material (Tao et al. 2021). The hysteresis of piezoelectric
stages usually exhibits both rate-dependent and amplitude-
dependent behaviors, which makes the system modeling
and parameter identification extremely difficult (Feng et al.
2019). Furthermore, the effect of external disturbances is
another obstacle to the motion control of PEAs. Such
weaknesses degrade the performance of trajectory tracking,
which hinders the implementations of PEAs in the precision
motion control applications.

Various control strategies have been developed in the
literature to mitigate the negative effects of hysteresis on the
trajectory tracking accuracy (Li et al. 2021; Sabarianand
et al. 2020; Yang et al. 2020). These control strategies can be
generally divided into two categories: hysteresis-model-
based control and hysteresis-model-free control. In the
hysteresis-model-based control approaches, a mathematical
model will be developed to precisely describe the nonlinear
hysteresis effects. Then, its inverse model is adopted to
cancel out the hysteresis effects accordingly (Yang et al.
2020). Although such approaches can be realized using
feedforward control, and does not require any position
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measurements (Gu et al. 2014), the hysteresis models are
highly complicated, and the model parameters can hardly be
identified accurately. On the contrary, the hysteresis-model-
free approaches consider the hysteresis effects of PEAs as
external disturbances of the nominal model. Consequently,
feedback controllers are designed to suppress the lumped
disturbances and to achieve the precise trajectory tracking
(Li et al. 2020; Shahabi et al. 2020). Compared with the
hysteresis-model-based strategy, the hysteresis-model-free
strategy is of particular significance in many applications
due to its simplicity and robustness.

Numerous controllers based on hysteresis-model-based
strategy have been proposed to realize precision position
tracking for nanopositioning systems (Sabarianand et al.
2020). Li et al. (2016) presented a damping control scheme
integrated with recursive delayed position feedback for
piezoelectric nanopositioning stages to improve the control
bandwidth. A robust adaptive backstepping controller is
proposed in Zhang et al. (2017) for piezoelectric systems, in
which parametric uncertainties were estimated adaptively
while the hysteresis and disturbances are treated as lumped
disturbances for elimination. To mitigate the nonlinear
effects of hysteresis, Takagi-Sugeno fuzzy logic was
adopted to denote hysteresis model and its inverse model
was used in designing a fuzzy internal model controller (Li
et al. 2015b). Yousef et al. (2019) investigated the precision
tracking problem of piezoelectric actuators without hys-
teresis model based on fuzzy approximation and particle
swarm optimization algorithm. Model predictive control
was proposed to attenuate the influence of load disturbance,
that adopts pole-placement and adaptive techniques to deal
with the complicated parameter tuning procedure (Nguyen
and Chen 2019).

Among that, sliding mode control (SMC) is one of the
most widely studied robust control techniques for piezo-
electric stages in the literature (Utkin et al. 2017). Sliding
mode control provides the possibility of alleviating the
effect of nonlinear dynamics and external disturbances.
However, the discontinuous control signal triggers the
undesirable chattering phenomenon, which hinders the
precision applications of piezo-driven stages. To achieve
faster convergence and tackle with chattering problem,
terminal SMC (TSMC) was proposed with fractional-order
sliding surface (Wu et al. 1998). The singularity problem
was further tackled in the nonsingular TSMC (Wang and
Xu 2018). In addition, adaptive SMC has been developed
to regulate the switching gain of the discontinuous control
signal regardless of the upper bound on the uncertain
terms. Higher-order SMC (HOSMC) has been proposed to
release the restriction of relative degree one for the con-
ventional SMC (Ovalle et al. 2021). However, a compli-
cated control structure is introduced along with the
evolution of these algorithms. In particular, accurate
platform model or full system state of piezoelectric po-
sitioning stage is generally required for constructing

control algorithms to achieve precision tracking perfor-
mance, which limits their implementation for engineering
application.

As an alternative kind of method, active disturbance
rejection control (ADRC) has been proposed to alleviate
the effects of unexpected disturbances in motion control.
The basic idea of ADRC, which was first proposed by Han
(Han 1998), is to estimate the model uncertainties and the
generalized disturbances by using an extended state ob-
server (ESO). This control scheme is robust to the variation
of system dynamics and requires limited model in-
formation. Recently, ADRC has been successfully im-
plemented in many practical applications, such as surgical
device (Lau et al. 2019), solenoids system (Li et al. 2015a),
and vibration suppression (Ramı́rez-Neria et al. 2021; Xia
et al. 2018). Concerning a piezoelectric precision motion
stage, the hypothesis of known control gain in ESO is too
strict for the piezoelectric hysteresis nonlinearity. To ex-
pand the application of ESO, the combination method of
sliding mode control method and ESO has been proposed
(Alonge et al. 2017; Yao et al. 2021). The parametric
uncertainties can be dealt with ESO while its estimation
error is compensated by SMC. However, it is still unknown
whether such a control scheme is capable of overcoming
the parametric uncertainties and strong nonlinearity of the
piezo-driven nanopositioning stage. In addition, the proof
process of the compound method needs to be improved.
Hence, the study is motivated to propose a new controller
to attain robust tracking performance for nanopositioning
stages while keeping simple structure in design and
implementation.

The main contribution of this paper is the design of
a novel SMCDR control method, which combines the
strength of both SMC and ADRC dedicated to trajectory
tracking control of a piezoelectric nanopositioning stage. In
particular, the SMCDR offers the advantage of easy im-
plementation, as the ADRC does not require the knowledge
of system parameters. Only the knowledge of the control
gains is required for the proposed controller. In addition, the
presented control method exhibits better performance as
compared with the baseline controller while maintaining
a simple structure, which is confirmed by a series of ex-
perimental results.

The rest of paper is organized as follows. The model
description of nanopositioning systems are presented in
Section 2. Section 3 presents the SMCDR control design
and stability analysis. Experimental setup and im-
plementation of the SMCDR are given in Section 4. Section
5 presents a series of experimental results. Finally, con-
clusions are provided in Section 6.

System description

The motion of a piezoelectric nanopositioning stage can be
modeled as an uncertain second-order nonlinear system
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_x1 ¼ x2,
_x2 ¼ f ðx1, x2, tÞ þ dðtÞ þ buðtÞ,

�
(1)

where x1 2R and x2 2R represent the position and velocity
of the piezoelectric actuator, respectively; uðtÞ 2R is the
control input; b > 0 is an unknown control gain;
f :R×R ×R≥0 →R represents the nonlinearity of nano-
positioning system including the hysteresis effect; d(t)
denotes the external disturbances. Note that the gain b and
the nonlinearity f (x1, x2, t) are unknown. Furthermore, only
the position of the piezoelectric actuator x1 can be measured
for feedback purpose.

It is noticed that the unknown nonlinearity and external
disturbances can be viewed as a lumped disturbance, that is,
h(t) = f (x1(t), x2(t), t) + d(t), and by assuming that it is
differentiable, the lumped disturbance h(t) can be consid-
ered as an augmented state variable x3. Hence, the dy-
namical system (1) can be written into the vector form

_X ¼ AXþ BuðtÞ þ D _hðtÞ
y ¼ CX

(2)

where

A ¼
0 1 0

0 0 1

0 0 0

264
375,B ¼

0

b

0

264
375,D ¼

0

0

1

264
375,

C ¼ ½ 1 0 0 �,X ¼ ½ x1 x2 x3 �T:

Controller design

In this section, the ESO and ADRC controller are first
presented to realize preliminary trajectory tracking control.
Then, the SMC strategy is integrated with the traditional
ADRC to improve the position tracking performance for the
piezoelectric nanopositioning stage by compensating for the
adverse influence.

Design of extended state observer

In general, position is the only available measurements for
piezo-driven nanopositioning stages, which impedes the
implementation of controllers requiring full state feedback.
To handle this problem, different state observers have been
studied in the literature to provide necessary states to control
algorithms. A known system model is usually essential for
the conventional observer design. However, the hysteresis
dynamics of piezoelectric motion stages are complicated
and difficult to be modeled. Extended state observers
(ESOs) were developed to cope with such a problem (Han
2009). To estimate the state variable, ESO needs only the
information of the control input and the position meas-
urements, and correspondingly, the lumped disturbance can

be estimated. Thus, one avoids the usage of velocity
measurements and makes it easier to implement control
algorithm in practical applications.

The structure of the ESO for system (2) is given by (Guo
and Zhao 2011)

_bx1 ¼ bx2 � ϵg1

 bx1 � x1
ϵ2

!
,

_bx2 ¼ bx3 � g2

 bx1 � x1
ϵ2

!
þ bu,

_bx3 ¼ �ϵ�1g3

 bx1 � x1
ϵ2

!
:

(3)

The linear extended state observer (LESO) is adopted in
this work, that is, functions gi(�)’s are linear for i = 1, 2, 3. To
facilitate the analysis, define the scaled estimation error as

ηi ¼
~xi
ϵρ�i

, (4)

where i = 1, 2, 3, ρ = 3, ϵ is a positive parameter to be
designed, and ~xi ¼ bxi � xi is the estimation error. Then, the
estimation error system in singularly perturbed form is
expressed as

ϵ _η ¼ A0η þ ϵe _h (5)

where

η¼ ½η1 η2 η3�T, A0¼ A� LC, e ¼ ½ 0 0 �1 �T,
L¼ ½β1 β2 β3�T, ϵ2-igið~x1Þ ¼ βi~x1, i¼ 1,2,3:

Suppose that the derivative of the lumped disturbance
h(t) is bounded, that is, j _hðtÞj ≤H for all t ≥ 0. Note that this
assumption is reasonable and common in nanopositioning
applications. We present the following result.

Theorem 1. Suppose that the matrix A0 is Hurwitz. Then,
there exist ϵ∗1 > 0 and Tγ > 0 such that, for every 0 < ϵ ≤ ϵ∗1,
the estimation errors satisfy����exi����≤νϵ3�i, "t ≥ T γ, i ¼ 1; 2; 3: (6)

Proof. Consider the Lyapunov candidate function

V ðηÞ ¼ ηTΛη, (7)

where the matrix Λ is the symmetric positive definite
solution to the Lyapunov equation ΛA0 þ AT

0Λ ¼ -Q, and
Q is a symmetric positive definite matrix. Differentiating
(7) along trajectories of equation (5), we have
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_V ðηÞ ¼ 2ηTΛ _η

¼ 2ηTΛ

�
1

ϵ
ðA0ηÞ þ e _h

�

¼ 1

ϵ
ηT
�
ΛA0 þ AT

0Λ
�
ηþ 2 _hηTΛe

¼ �1

ϵ
ηTQηþ 2 _hηTΛe

¼ �W ðηÞ
ϵ

þ 2 _hηTΛe,

(8)

where WðηÞ ¼ ηTQη ≥ 0. For functions V(η) and W(η),
they satisfy

λminðΛÞkηk2 ≤VðηÞ ≤ λmaxðΛÞkηk2,
λminðQÞkηk2 ≤WðηÞ ≤ λmaxðQÞkηk2, (9)

where λmax(�) and λmin(�) represent the maximal and minimal
eigenvalues of matrices, respectively. k �k denotes the Eu-
clidean norm of vectors. It follows from equation (9) that

_V ðηÞ ≤� λminðQÞkηk2
ϵ

þ βkηk

≤� λminðQÞ
ϵ

V ðηÞ
λmaxðΛÞ þ β

ffiffiffiffiffiffiffiffiffiffi
V ðηÞpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λminðΛÞ

p ,

(10)

where β = 2HkΛek. Next, according to the following
identity

ffiffiffiffiffiffiffiffiffiffi
VðηÞ

pzfflfflffl}|fflfflffl{�

¼
_VðηÞ

2
ffiffiffiffiffiffiffiffiffiffi
VðηÞp , (11)

we obtain

ffiffiffiffiffiffiffiffiffiffi
VðηÞ

pzfflfflffl}|fflfflffl{�

≤� λminðQÞ
2ϵλmaxðΛÞ

ffiffiffiffiffiffiffiffiffiffi
VðηÞ

p
þ β

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λminðΛÞ

p : (12)

The solution to the above differential inequality can be
estimated as (Alonge et al. 2017)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VðηðtÞÞ
p

≤

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vðηð0ÞÞ

p
� ϵβλmaxðΛÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λminðΛÞ
p

λminðQÞ

�

× e�
λminðQÞ

2ϵλmaxðΛÞ t þ ϵβλmaxðΛÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λminðΛÞ

p
λminðQÞ

(13)

which indicates that, for all γ > 0, there exists Tγ such thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðηðtÞÞ

p
� ϵβλmaxðΛÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λminðΛÞ
p

λminðQÞ ≤ γ, "t ≥ T γ: (14)

Therefore, we have

kηk ≤ ϵβλmaxðΛÞ
λminðΛÞλminðQÞ þ

γffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λminðΛÞ

p ≤ ν, "t ≥T γ, (15)

where the bound ν ¼ ðϵβλmaxðΛÞÞ=ðλminðΛÞλminðQÞÞ þ
γ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λminðΛÞ

p
. Recalling the scaled estimation error (4), one

has ����~xi���� ≤ νϵ3�i, "t ≥ T γ, i ¼ 1; 2; 3, (16)

which completes the proof. □

Remark 1. The observer gain vector L should be carefully
chosen such that the matrix A0 is Hurwitz. The method
proposed in (Gao 2003; Miklosovic et al. 2006) offers an
easy way to design the three elements of L, in which each
parameter is scaled by the LESO bandwidth ωo using the
pole placement approach according to the characteristic
equation, that is

λðsÞ ¼ ��sI� A0

�� ¼ ðsþ ωoÞ3,
L ¼ 
3ωo,3ω

2
o,ω

3
o

�T
:

(17)

Design of ADRC controller

The lumped disturbance has been observed by the ESO.
Then, the control law of ADRC is given by

u ¼ u0 � bx3
b0

, (18)

where b0 is the estimation of the unknown gain b. Using
equation (6) and (17), h(t) can be approximated bybx3ðtÞ, and
the system (2) can be written as

€y ¼ b

b0

�
u0 � bx3
þ x3 ≈ u0: (19)

This is reminiscent to the linearization method, where
PD control law can be applied to the system (19) to achieve
zero steady-state error

u0 ¼ kp
�
xrðtÞ � bx1
þ kd

�
_xrðtÞ �bx2
, (20)

where xr(t) is the desired trajectory. The parameters of PD
control law are selected as kp ¼ ω2

c ,kd ¼ 2ωc, and ωc de-
notes the closed-loop bandwidth.

Remark 2. Traditionally, the ADRC control law (20) re-
quires that the lumped disturbance h(t) is precisely esti-
mated by the ESO. However, due to the dramatic variation
of rate-dependence hysteresis loop as shown in Figure 1, it
cannot be estimated precisely in practice, and this imposes
extra restrictions for the usage of ADRC in piezoelectric
positioning stages. On the other hand, if we write (19) into
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€y ¼ b

b0
u0 þ x3 � b

b0
bx3, (21)

where b/b0 is unknown. Hence, the term x3 � ðb=b0Þbx3
cannot be wiped off by the ESO.

Design of SMCDR controller

As discussed above, the conventional ADRC cannot
estimate the lumped disturbance for a piezoelectric
nanopositioning system precisely due to the dramatic
hysteresis variation. To deal with this problem, a com-
pound controller integrated ADRC and SMC is proposed
in this section to address the residual estimation error ~hðtÞ
and the variation of gain b0. The block diagram of the
proposed SMCDR controller is shown in Figure 2

e1ðtÞ ¼ x1ðtÞ � xrðtÞ, e2ðtÞ ¼ x2ðtÞ � _xrðtÞ, (22)

where x1(t) is the measured position, x(t) is the velocity, and
xr(t) is the desired trajectory. Then, the tracking error dy-
namics are given by

_e1ðtÞ ¼ e2ðtÞ, _e2ðtÞ ¼ x2ðtÞ � _xrðtÞ, (23)

We define the integral sliding surface as

σ ¼ e2ðtÞ þ c1e1ðτÞ þ c2

Z t

0

e1ðτÞdτ, (24)

where c1 and c2 are positive control gains. We have the
following result.

Theorem 2. Consider system (1) under the control input

u ¼ 1

b0

�
u0 �bx3 þ un



un ¼ �k signðσÞ

(25)

with parameters satisfying

k ≥
���u0 �bx3���þ μF þ μ

���bx3 þ Φ
���,

Φ ¼ c1
�
x2 � _xr

�þ c2
�
x1 � xr

�� €xr
, (26)

where μ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bM=bm

p
; b0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
bMbm

p
; bM and bm are the

upper and lower bounds of the input gain b, respectively,
that is, bm ≤ b ≤ bM. Then, the position tracking error e1(t)
defined in equation (22) converges to zero exponentially.

Proof. Substituting the control law equation (25) into (2),
yields

_x2 ¼ b

b0
ðu0 � ksignðσÞÞ þ

�
x3 � b

b0
bx3�: (27)

The time derivative of sliding variable σ is given by

Figure 2. Block diagram of the SMCDR controller.

Figure 1. Experiments results of the displacement-voltage hys-

teresis loops with different rates of input signal.
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_σ ¼ _e2 þ c1e2 þ c2e1

¼ _x2 � €xr þ c1
�
x2 � _xr



þ c2ðx1 � xrÞ

¼ b

b0
ðu0 � ksignðσÞÞ þ

�
x3 � b

b0
bx3�

þ c1
�
x2 � _xr



þ c2ðx1 � xrÞ � €xr|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Φ

:

(28)

Consider the Lyapunov candidate function VðσÞ ¼ 1
2σ

2,
and taking time derivative of V(σ), yields

_VðσÞ ¼ σ _σ, (29)

To guarantee the finite-time convergence of the sliding
variable σ to the origin, the condition _VðσÞ<� κjσj
should be guaranteed for κ > 0 along trajectories of the
closed-loop system. If the parameter k is selected such
that

k >

���� bb0 ðx3 þ ΦÞ þ u0 � bx3����, (30)

then using equation (28), we have8>>><>>>:
b

b0
ðu0 � k signðσÞÞ þ

�
x3 � b

b0
bx3�þ Φ <� κ, σ > 0

b

b0
ðu0 � k signðσÞÞ þ

�
x3 � b

b0
bx3�þ Φ > κ, σ > 0

(31)

where κ ¼ k � supt≥0fjbðx3 þ ΦÞ=b0 þ u0 � bx3jg. Substitut-
ing into equation (29), we obtain _VðσÞ<� κjσj, which
implies that σ(t) → 0 in finite time.

Note that���� bb0 ðx3 þ ΦÞ þ u0 � bx3���� ≤ ���u0 � bx3���þ b0
b
jx3 þ Φj,

≤
���u0 � bx3���þ μ

����~x3����þ μ
���bx3 þ Φ

���,
(32)

According to Theorem 1, j~x3j≤F. Thus, the condition
_VðσÞ<� κjσj is satisfied when k is designed as

k ≥
���u0 � bx3���þ μF þ μ

���bx3 þ Φ
���: (33)

Finally, on the sliding manifold {σ = 0}, it follows from
equation (24) that |(e1(t), e2(t))| → 0 exponentially as t
→ +∞, which completes the proof.

Experimental setup and implementation

Experimental setup

The experimental setup is shown in Figure 3 and 4. A
flexure-based piezoelectric nanopositioning stage (PI
P-603.3S2), which includes strain gauge sensor and pi-
ezoelectric actuator, is adopted to evaluate the perfor-
mance of the proposed control method. The experimental
platform can provide the displacement of 380 μmwith the
excitation voltage ranging from -20 V to +120 V. A real-
time controller (Speedgoat real-time target machine) with
the data acquiring board (Speedgoat IO133) is used for
implementing the controller algorithm. The displacement
of the nanoposition stage is given by the integrated strain
gauge sensor through signal conditioner (PI E-509.S3). In
addition, a voltage amplifier (PI E-505.00S) with a con-
version constant of 10 is used for driving the piezoelectric
actuator by amplifying the control voltage.

Transient profile generator

To alleviate the overshot of setpoint motion tracking while
keeping prompt convergence speed, a transient profile with
smooth differential value is constructed. The transient
profile of target position v expressed in the discrete time
optimal solution is given by (Han 2009)(

v1 ¼ v1 þ hv2,

v2 ¼ v2 þ hu, juj≤r, (34)

with u = fh(v1 � v, v2, r0, h0) and

Figure 3. Experimental setup of a piezoelectric nanopositioning

stage.
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8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

fh ¼ �r0ða=d � signðaÞÞsa � r0signðaÞ,
d ¼ h20r0, a0 ¼ h0v2, y ¼ v1 þ a0,

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dðd þ 8jyjÞ

p
,

a2 ¼ a0 þ signðyÞða1 � dÞ=2,
sy ¼ ðsignðyþ dÞ � signðy� dÞÞ=2,
a ¼ ða0 þ y� a2Þsy þ a2,

sa ¼ ðsignðaþ dÞ � signða� dÞÞ=2,

(35)

where v1 is the constructed transient trajectory with velocity
v2, the maximum response speed of the physical device is
limited by desired speed r. Parameters r0 and h0 are to be
designed in accordance with the physical device, which are
set to r and h, respectively.

Implementation of ESO

The ESO model in equation (2) is discretized with zero-
order-hold (ZOH) method to facilitate the implementation
in physical device

bXkþ1 ¼ ΦbXkþΓuk ,byk ¼ HbXk þ Juk ,
(36)

where

Φ ¼ eAT ¼

266666664
1 T

T 2

2

0 1 T

0 0 1

377777775

Γ ¼
Z T

0

eAτdτ B ¼

266666664
b
T 2

2

bT

0

377777775
H ¼ ½ 1 0 0 �, J ¼ ½ 0 �

and T is the sampling time. The discrete form of ESO (Li
et al. 2012) is given by

bXkþ1 ¼ ΦbXk þ Γuk þ ΦLd

�
yk � byk
,byk¼ HbXk þ Juk :

(37)

To simplify the parameter tuning, as shown in Remark 1,
each observer parameter is scaled by the observer band-
width ωo using the pole placement of the characteristic
equation, which gives

λðsÞ ¼ ��zI� ðΦ� ΦLdHÞ�� ¼ ðz� βÞ3, (38)

where the pole of discrete ESO β ¼ e�ωoT. Finally, the
parameters of discrete ESO are chosen as

Ld ¼

2666664
1� β3

ð1� βÞ2ð1þ βÞ 3

2T

ð1þ βÞ3 1
T2

3777775: (39)

Parameters of SMCDR

To implement ADRC method, the minimal model in-
formation is needed, for example, the order of the dynamic
model. The second-order transfer function of the nano-
positioning stage is identified as

GðsÞ ¼ 1:255 × 107

s2 þ 2372sþ 3:2 × 106
: (40)

Therefore, b0 can be selected as 1.255 × 107 for this
stage. The experimental plant has a natural frequency of
284 Hz. The desired controller bandwidth is chosen as
ωc = 150 Hz. The desired observer bandwidth ωo should
be chosen between 3 ωc to 5 ωc, and, 450 Hz is selected.
The sampling time is T = 0.0001 s, and the parameters of
the proposed SMCDR controller are chosen as follows:
k = f × 105 (f is the frequency of reference signal), c1 = 16,
c2 = 8, and f = 10. The parameters of transient profile
generator r0 and h0 are selected as 2 × 104 and 10�4,
respectively. A PID controller tuned by MATLAB PID
autotuner with parameters Kp = 0.0842, Ki = 39.4, Kd =
7 × 10�5, and filter coefficient N = 100 is also applied to
comparison study.

Remark 3. The signum function in control law equation
(25) is substituted with the following saturation function to
relieve chattering phenomenon

Figure 4. Block diagram of experimental setup.
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satðσ=fÞ ¼
(
signðσÞ, if jσj>f,
σ=f, if jσj ≤f, (41)

where f is the thickness of boundary layer. A large
boundary f is selected to suppress the chattering problem in
experiments, which would deteriorate the performance of
the proposed controller.

Remark 4. In practice, the achievable controller bandwidth
is limited not only by the physical system but also by the
presence of sensor noises and dynamics uncertainties. Note
that the controller bandwidth ωc is also a trade-off between
control performance and closed-loop stability. The lower
the bandwidth ωc, the worse the tracking performance. In
this work, we select ωc using the method presented in Sect.
3.4 of (Gao 2003). That is, we first select an initial value,
and then increase ωc until that the control signals becomes
excessively noisy or there exist oscillatory behaviors.

Experimental results

To verify the efficiency of the proposed controller, motion
tracking and regulation experiments are carried out with
sinusoidal, triangular and pseudo-step trajectories, re-
spectively. In addition, external disturbances are introduced
to validate the robustness of SMCDR. For comparison
study, the conventional ADRC, the integral sliding mode
control (ISMC) and PID controllers are implemented to
generate their best results.

Sinusoidal trajectory tracking results

To evaluate the effectiveness and accuracy of the proposed
SMCDR for the particular application, 20 μm peak-to-peak
sinusoidal trajectories with various frequencies are adopted
for trajectory tracking.

The experimental results of trajectory tracking for 10 Hz
sine wave are shown in Figure 5. It can be seen from

Figure 5. Trajectory tracking results of sine wave with 10-Hz frequency. (a) The displacement trajectory, (b) position tracking errors,

(c) control signals, and (d) estimated disturbance bz3 .
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Figure 5 that the proposed SMCDR has the trajectory with
high precision. The maximum position tracking error of
SMCDR is limited in 0.45μm, that is, 2.25% of the motion
range, which is significantly reduced comparing with
ISMC, ADRC, and PID controllers. In particular, the ISMC
produces the MAXE (maximum error) of 3.11% of the
motion range; the conventional ADRC produces theMAXE
of 3.69% of the motion range; and the PID controller
produces the MAXE of 4.50% of the motion range.

The experimental results of 50 Hz sine wave tracking are
shown in Figure 6. It can be observed that the proposed
SMCDR controller generates the RMSE (root mean square
error) and MAXE relative errors of 2.98% and 4.53%,
respectively. Although the ISMC produces the RMSE of
3.16% and MAXE of 6.79%, the conventional ADRC
produces the RMSE of 11.65% and MAXE of 16.99%. In
addition, the RMSE and MAXE of 13.51% and 19.66%,
respectively, are obtained by the PID controller.

Moreover, the comparisons of position tracking errors
with different input frequencies are shown in Table 1. It can
be seen that the RMSEs of SMCDR controller are 37.90%,
29.77%, 60.06%, and 5.70% lower than those of ISMC,

30%, 30.73%, 69%, and 74.44% lower than those of
ADRC, and 49.67%, 50.33%, 77.01%, and 77.94% lower
than those of PID method under 5, 10, 20, and 50 Hz input
frequencies, respectively. Hence, it demonstrates that the
SMCDR has an obvious performance improvement with the
increasing of input frequencies, while keeping a concise
controller architecture.

The triangular waves are widely used in piezoelectric
nanopositioning applications, 20 μm peak-to-peak tri-
angular trajectories with various frequencies are applied to
evaluate tracking performance of the proposed method.

It can be observed that the presented SMCDR has high
precision, and the maximum position tracking error of
SMCDR is limited in 0.32μm, that is, 1.61% of the motion
range, which has an obvious tracking accuracy compared
with ISMC, ADRC, and PID controllers. In particular, the
ISMC produces the MAXE of 4.36% of the motion range,
the conventional ADRC produces the MAXE of 3.20% of
the motion range, and the PID controller produces the
MAXE of 4.40% of the motion range, as shown in Figure 7.
Similar results of 50 Hz triangular wave tracking can also be
made as displayed in Figure 8. The detailed comparison of

Figure 6. Trajectory tracking results of sine wave with 50-Hz frequency. (a) The displacement trajectory, (b) position tracking errors,

(c) control signals, (d) estimated disturbance bz3 .
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triangular waves tracking performance under different input
frequencies can be found in Table 2.

Remark 5. The switching gain k of SMCDR is determined
by €xr as shown in (26). Theoretically, the acceleration of
triangular trajectories is unbounded at the turning points. In
practice, it can hardly generate a sharp signal such that the
acceleration is unbounded due to the physical limitations.
Therefore, it is reasonable to bound the reference

acceleration signals in a bounded interval. The range of €xr of
triangular waves is saturated in [ � 104, 104] during the
controller implementation.

Step position tracking results

The step trajectory is chosen as a reference signal since
reaching the desired position is a common scenario for the
nanopositioning stage during object operations, such as

Table 1. Experimental results of sinusoidal trajectory tracking.

Signal Error PID (%) ADRC (%) ISMC (%) SMCDR (%)

5 Hz

Sine wave

RMSE

MAXE

1.53

2.33

1.10

2.14

1.24

1.95

0.77

1.36

10 Hz

Sine wave

RMSE

MAXE

3.04

4.50

2.18

3.69

2.15

3.11

1.51

2.25

20 Hz

Sine wave

RMSE

MAXE

5.96

8.67

4.42

6.84

3.43

5.06

1.37

2.52

50 Hz

Sine wave

RMSE

MAXE

13.51

19.66

11.66

16.99

3.16

6.79

2.98

4.53

Triangular trajectory tracking results.

Figure 7. Trajectory tracking results of triangular wave with 10-Hz frequency. (a) The displacement trajectory, (b) position tracking

errors, (c) control signals and (d) estimated disturbance ẑ3.
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gripping and cell injecting. However, a trade-off between
the response overshoot and speed is inevitable for the
controller design.

To mitigate this situation, the pseudo step signal is
generated by transient profile generator. The tracking results
of pseudo step signal with magnitude of 10 μm are given in
Figure 9. It can be seen that all controllers achieve fast
response with small overshoot for the target position.
Sliding mode control integrated with active disturbance
rejection has the best performance with 1.22% overshoot,

which is 21.21%, 61.39%, and 71.63% lower than those of
ISMC, ADRC, and PID controllers, respectively.

Disturbance rejection results

To verify the disturbance rejection performance of the
proposed SMCDR, a short external disturbance clip is
manually introduced after the step response. The fol-
lowing external disturbance with hybrid frequencies is
injected

Figure 8. Trajectory tracking results of Triangular wave with 50-Hz frequency. (a) The displacement trajectory, (b) position tracking

errors, (c) control signals, and (d) estimated disturbance ẑ3.

Table 2. Experimental results of triangular trajectory tracking.

Signal Error (%) PID (%) ADRC (%) ISMC (%) SMCDR (%)

5 Hz

Triangular wave

RMSE

MAXE

1.88

2.44

1.37

1.76

1.10

2.61

0.87

1.30

10 Hz

Triangular wave

RMSE

MAXE

3.68

4.40

2.37

3.20

1.88

4.36

0.77

1.61

20b Hz

Triangular wave

RMSE

MAXE

7.00

8.24

5.21

5.97

2.88

6.43

1.18

3.20

50 Hz

Triangular wave

RMSE

MAXE

14.38

19.72

11.80

14.34

5.54

11.23

4.65

10.88
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Figure 9. Trajectory tracking results of pseudo step signal with 10-μm amplitude. (a) The desired trajectory, (b) position tracking errors,

and (c) control signals.

Figure 10. Experimental results of disturbance rejection. (a) The displacement trajectory, (b) position tracking errors, (c) control

signals, and (d) the external disturbance d(t).
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dðtÞ ¼ ½0:5 sinð100πtÞ þ 5 sinð2πtÞ� μm:
The experimental results in Figure 10 indicate that the

proposed SMCDR controller exhibits an outstanding ability
for attenuating disturbance with different frequencies. It can
be seen that SMCDR created the control performance with
RMSE and MAXE disturbance rejection errors of
0.0542 μm and 0.2434 μm, respectively, which demon-
strates a better performance for hybrid frequencies distur-
bance compared with ADRC and PID controller.

The foregoing experimental results indicate that the
proposed SMCDR achieved a satisfying position tracking
accuracy while keeping a simple architecture. Compared to
the existing controllers, the proposed SMCDR controller
has higher accuracy with a tracking error of 0.17% lower for
5 Hz sine wave trajectory tracking, which is better than the
RMSE of 2.15% obtained by a discrete sliding mode
controller (Xu 2014) and that achieved by an output
feedback sliding-mode controller (Xu and Tan 2016).
Moreover, it also obtained a better performance than the
feedforward controller with inverse hysteresis model as
reported in (Ang et al. 2007) for sinusoidal trajectory
tracking.

Conclusion

In this work, a novel SMCDR controller has been proposed
for precise trajectory tracking of a piezoelectric nano-
positioning stage. The proposed controller combines the
strength of both SMC and ADRC. The ADRC is used to
estimate the lumped disturbance, while the SMC is adopted
to compensate for the estimation error and model un-
certainties. The superiority of the proposed SMCDR is that
it does not require the knowledge of system parameters
except for a rough control gain, which eliminates the de-
pendence on complicated mathematical models and state
observers. The exponential stability of the SMCDR strategy
has been proved based on Lyapunov’s direct method, and its
effectiveness has been demonstrated by conducting a series
of experimental studies. As compared with PID, ISMC, and
ADRC controllers, the proposed SMCDR control has
shown higher tracking accuracy and better disturbance
rejection ability while maintaining a simple controller
structure, which facilitates practical implementation. The
higher-order sliding mode controller is expected to in-
tegrated to overcome chattering problem in the future work.
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